NOTES AND DISCUSSIONS
The Lorentz transformation approach is a very elegant way to derive the gravitational slingshot effect. 1 An equally elegant shortcut starts with the classical Lagrangian LϭL͑r,u,t ͒ϭ 1 2
where r is the position vector of a space probe with velocity uϵdr/dt, vt the position vector of a planet moving with an approximately constant velocity v at time t, m the mass of the probe, M the mass of the planet, and G the gravitational constant.
Defining ϵrϪvt, wϵd/dtϭuϪv, and ͉͉ϵ, Eq. ͑1͒ becomes
The canonical momentum derived from Eq. ͑2͒ is pϭm(wϩv), giving the Hamiltonian HϭH͑p, ͒ϭw•pϪL ͑3a͒
where EϭE (u,r,t) is the total energy of the probe and H(p,) is a constant of the motion. The Hamiltonian ͑3a͒ and ͑3b͒, though conserved, is not the energy E, which is not conserved.
Since the increment ⌬Hϭ0 between any two positions of the probe, Eq. ͑3e͒ gives ⌬Eϭmv•⌬uϭmv•⌬w ͑4͒ as the energy increment. If the positions are chosen so that ͑the distance between the probe and the planet͒ is the same at both positions, Eq. ͑3c͒ indicates that w ͑the speed of the probe relative to the planet͒ is also the same. Defining the unit vectors vϵv/v and ŵ ϵw/w, Eq. ͑4͒ becomes
where the angle is between vectors v and w. The energy increment ͑5͒ is equivalent to Eq. ͑7͒ of Ref.
1. Both approaches depend on the assumption that the velocity v of the planet can be treated as constant during the time when the interaction between the planet and the probe is significant, but it is not necessary to assume that the interaction is insignificant in the initial and final states. It is only necessary to choose the initial and final positions symmetrically so that is the same at both, i.e., so that ⌬ϭ0, for which Eq. ͑3c͒ gives ⌬wϭ0, a necessary condition for the validity of Eq. ͑5͒. The quantity ⌬E is the change in the kinetic energy, because the potential energy is the same at these symmetrically located points.
The analysis here is performed relative to the ''suncentered frame'' defined in Ref. 1, except that the term ''relative'' used here refers to Newtonian relativity based on Galilean transformations, rather than Einsteinian relativity based on Lorentz transformations. It is an approach which seems to eliminate G from the problem. Another approach which emphasizes the role of G is obtained by noting that the energy E is the Hamiltonian H 1 (p,r,t) obtained from Lagrangian ͑1͒, so that
quantifying the relation between the strength of the gravitational interaction and the rate at which energy is exchanged between the planet and the probe. Equation ͑7͒ can be put in the form
where F is the force that the probe exerts on the planet, and v is the velocity of the planet, so F•v is the rate at which the probe does work on the planet. When F•v is negative, the planet does work on the probe, creating a slingshot effect. A recent paper 1 used the Lorentz transformation for energy-momentum four vectors to analyze the gravitational slingshot. It claimed that ''the relativistic method is shorter and more compact than its nonrelativistic counterpart.'' We will present a nonrelativistic treatment that is more compact and just as elegant and simple.
In mechanics, energy transfer occurs when forces do work. The kinetic energy of a spacecraft increases if it does negative work on a planet, 2 0Ͼ ͵ F spacecra f t on planet "dr planet ,
͑1͒
or, in terms of the reaction force of the planet on the spacecraft, 0Ͻ ͵ F planet on spacecra f t "dr planet ϭ ͵ F planet on spacecra f t "V planet dt.
͑2͒
The presence of the planetary displacement vector dr planet or velocity vector V planet makes the work integral frame dependent.
3
Because the spacecraft-planet interaction occupies a time interval much less than the planet's orbital period, V planet may be assumed to be constant. 4 Following Ref. 1 we set
in the Sun rest frame. If we substitute Eq. ͑3͒ into Eq. ͑2͒ and discard the constant positive factor V, the condition for an increase in the spacecraft's kinetic energy in the Sun rest frame becomes 0Ͻx" ͵ F planet on spacecra f t dt,
͑4͒
where ͐F planet on satellite dt is the impulse, ⌬p, delivered to the spacecraft by the planet. It has the same value in any reference frame because force and time are Galilean invariants. 5 We evaluate ⌬p in the planet center-of-mass frame, The scalar product of the attractive force that the spacecraft exerts on the planet and the planet's displacement is negative while the spacecraft passes behind the planet. The work done by the spacecraft is then negative and the slingshot ''fires. '' 3 This point is clearly made in James A. Van Allen's, ''Gravitational assist in celestial mechanics: A tutorial,'' Am. J. Phys. 71͑5͒, 448-451 ͑2003͒.
4
The tiny change in the planet's velocity due to the energy transfer is negligible. 5 C. L. Cook, ''Note on actually using impulse,'' Am. J. Phys. 58͑11͒, 1106 ͑1990͒.
6
The spacecraft of mass m initially travels in the xy plane at an angle 1 relative to the x axis; after the interaction it travels at an angle 2 ; its speed has the same initial and final values, u.
kinetic energy in the Sun frame is ,2) , where the angles 1 and 2 are between the planet's velocity V ជ and the craft's velocities v ជ 1 and v ជ 2 in the planet frame, the desired result, mVu(cos 2 Ϫcos 1 ), is immediate.
The relativistic derivation in Ref. 2 is more involved, but it gives further insight into the nature of the slingshot effect. As an example, we discuss what the gravitational slingshot effect would be for a photon. Of course, it cannot accelerate a photon, but it does change its frequency in accordance with a generalization of Compton scattering which allows for a moving mass. This result cannot be understood as a nonrelativistic slingshot effect even though the planet's speed is nonrelativistic.
Because our ''craft'' is a photon, we will first remove the craft's mass m from the kinetic-energy equation Equation ͑3͒ gives the relation between the initial and final frequencies of the photon, 1 and 2 , in the Sun frame due to the gravitational slingshot effect. To see that Eq. ͑3͒ is equivalent to the Doppler shift, we assume that a photon approaches the planet at the angle 1 and leaves at the angle 2 due to the gravitational pull of the planet ͑the angles 1 and 2 are in the planet frame͒. In this frame, the initial and final energies ͑frequencies͒ are the same. As before, we denote the photon's initial and final frequencies in the Sun frame by 1 and 2 , and by Ј in the planet frame.
Due to the relativistic Doppler shift, the observed frequency 0 of radiation that has frequency in a source frame with velocity V ជ is
where is the angle in the observer frame between the photon's velocity and the source velocity. 3 From Eq. ͑4͒ the frequency of the radiation observed in the planet frame is, assuming a moving source with velocity ϪV ជ is
where ϭϪ 1 .
After deflection by the planet's gravity, the photon departs in the direction 2 in the planet frame. If we switch back to the Sun frame, the frequency 2 for the departing photon is again given by that for a moving source. This time the source has velocity V ជ and ϭ 2 , the angle the departing photon makes in the Sun frame with the planet's velocity. From Eq. ͑4͒ we have
We let sgn denote the sign of cos 2 , and use Eq. ͑4͒ in Ref.
2 to obtain cos 2 ϭsgn͑1ϩtan
Because 1ϩ␤ cos 2 Ͼ0, we have cos 2 ϭ ␤ϩcos 2 1ϩ␤ cos 2 . ͑8͒
If we substitute Eq. ͑8͒ into Eq. ͑6͒, we find that the frequency in the Sun frame due to the Doppler shift caused by the gravitational bending is 2 ϭ 1ϩ␤ cos 2 1ϩ␤ cos 1 1 , ͑9͒
which agrees with Eq. ͑3͒. This longer derivation based on the Doppler shift provides additional insight into the reason for this result, Eq. ͑9͒. The shorter derivation leading to the same result, Eq. ͑3͒, is based on a direct application of the Lorentz transformation to the energy-momentum four-vector, Eq. ͑3͒ of Ref. 2.
The change in frequency due to the interaction includes the familiar result for Compton scattering in which the frequency of the outgoing photon is less than the frequency of the incoming photon. Equation ͑9͒ generalizes the usual decrease of frequency for scattering from a stationary mass to scattering from a moving mass as long as 2 Ͼ 1 . ͑Note that for a stationary scatterer 1 ϭ0, so that this condition is always satisfied.͒ Thus we have a simple way involving the angles of the photon propagation in the scatterer's frame of reference to distinguish between the case in which the pho- In addition the sentence in the last full paragraph of the second column of p. 187 should read: ''As an example, in the direct impact of a spinning baseball with a bat of normal incidence, a tangential impulse p t is required to create the angular impulse 
